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Schrödinger equation

oDescribes behavior of a quantum system in a potential 𝑉

ⅈℏ𝜕𝑡𝜓(𝑡, Ԧ𝑥) = −
ℏ

2𝑚
∇2 + 𝑉 𝜓(𝑡, Ԧ𝑥)



Schrödinger–Newton equation 

ⅈℏ𝜕𝑡𝜓(𝑡, Ԧ𝑥) = −
ℏ2

2𝑚
∇2 + V − 𝐺𝑚2 ඲

𝜓 𝑡, Ԧ𝑥′ 2

Ԧ𝑥 − Ԧ𝑥′
𝑑 Ԧ𝑥′ 𝜓(𝑡, Ԧ𝑥)

oQuantum self-gravitating massive particle

oNon-linear modification, deterministic

oCoupled Schrödinger-Poisson equations / semi-classical grav. /…

oGravity is fundamentally classical

oMatter fields are quantized

Diósi (1987), Penrose (1996)



Motivation to Schrödinger–Newton study 

ⅈℏ𝜕𝑡𝜓(𝑡, Ԧ𝑥) = −
ℏ2

2𝑚
∇2 + V − 𝐺𝑚2 ඲

𝜓 𝑡, Ԧ𝑥′ 2

Ԧ𝑥 − Ԧ𝑥′
𝑑 Ԧ𝑥′ 𝜓(𝑡, Ԧ𝑥)

oQuantum-to-classical transition

oBoson stars, Cold Dark Matter

oOperational superluminal signaling



Motivation to Schrödinger–Newton study 

ⅈℏ𝜕𝑡𝜓(𝑡, Ԧ𝑥) = −
ℏ2

2𝑚
∇2 + V − 𝐺𝑚2 ඲

𝜓 𝑡, Ԧ𝑥′ 2

Ԧ𝑥 − Ԧ𝑥′
𝑑 Ԧ𝑥′ 𝜓(𝑡, Ԧ𝑥)

oViolation of causality 
oSchrödinger does it too

oReason to disfavor the model?

oNon-relativistic limit of Einstein-Dirac equations



Einstein-Dirac system

𝐺𝜇𝜈 =
8𝜋𝐺

𝑐4
𝑇𝜇𝜈 𝜓

𝒟 −
𝑚𝑐

ℏ
𝜓 = 0 

𝐺𝜇𝜈  - Einstein tensor

𝒟 - Dirac operator

𝑇𝜇𝜈 𝜓  - stress-energy tensor for the Dirac field 𝜓

We have proven also:

Theorem. The Einstein–Dirac equations induce a causal evolution of measures for 
any sensible initial data and any space–time splitting.



Motivation to Schrödinger–Newton study 

ⅈℏ𝜕𝑡𝜓(𝑡, Ԧ𝑥) = −
ℏ2

2𝑚
∇2 + V − 𝐺𝑚2 ඲

𝜓 𝑡, Ԧ𝑥′ 2

Ԧ𝑥 − Ԧ𝑥′
𝑑 Ԧ𝑥′ 𝜓(𝑡, Ԧ𝑥)

oNon-relativistic limit of Einstein-Dirac equations

oIs violation of causality smaller or bigger than in Schrödinger?



Quantification of superluminal signaling

𝜌(𝑡, 𝑥) – Probability density 
function

Amount of causality 
violation

Light cone 

𝑥

𝑡 = 0

𝑥

𝑡 = 𝑇

𝜌 𝜌

𝑡 → 𝑡 + 𝑇



Measure of Causality violation

How much is causality 
violated?

𝜌(𝑡, 𝑥) – Probability density 
function

Amount of causality 
violation

Light cone 

𝑥

𝑡 = 0

𝑥

𝑡 = 𝑇

𝜌 𝜌

𝑡 → 𝑡 + 𝑇

𝑀(𝑡, 𝑥, 𝑅) = න
−𝑅

𝑅

𝜌 0, 𝑥 𝑑𝑥 − න
−𝑅−𝑐𝑡

𝑅+𝑐𝑡

𝜌 𝑡, 𝑥 𝑑𝑥 Eckstein, Miller 
(2017)



Realization: 2 types of initial states in 1D

Gaussian state: 𝝍 𝟎, 𝒙 =
𝟏

𝟒
𝟐𝝅

𝒆 ൗ−𝒙𝟐
𝟒

Ground state in a trap: 𝑽𝟎 = −𝟐𝟎

𝜅 = 1 example 𝜅 = 1 and 𝜅 = 0 example

ⅈ𝜕𝑡𝜓(𝑡, 𝑥) = −
1

2
𝜕𝑥

2 − 𝜅 ඲
𝜓 𝑡, 𝑥′ 2

𝑥 − 𝑥′
𝑑𝑥′ 𝜓(𝑡, 𝑥)



Gaussian initial state evolution

𝜿 = 𝟎. 𝟏 𝜿 = 𝟏 𝜿 = 𝟑

ⅈ𝜕𝑡𝜓(𝑡, 𝑥) = −
1

2
𝜕𝑥

2 − 𝜅 ඲
𝜓 𝑡, 𝑥′ 2

𝑥 − 𝑥′
𝑑𝑥′ 𝜓(𝑡, 𝑥)



Gaussian initial state evolution (Log scale)

ⅈ𝜕𝑡𝜓(𝑡, 𝑥) = −
1

2
𝜕𝑥

2 − 𝜅 ඲
𝜓 𝑡, 𝑥′ 2

𝑥 − 𝑥′
𝑑𝑥′ 𝜓(𝑡, 𝑥)

𝜿 = 𝟎. 𝟏 𝜿 = 𝟏 𝜿 = 𝟑



Gaussian initial state evolution (Log scale)

Self-interaction Compression
Broadens momentum 

distribution

superluminal escape 
velocity of high 

momentum modes

𝜿 = 𝟎. 𝟏 𝜿 = 𝟏 𝜿 = 𝟑



Causality violation: Gaussian initial state

𝜿 = 𝟎 𝜿 = 𝟏 𝜿 = 𝟑𝜿 = 𝟎. 𝟓

𝑀(𝑡, 𝑅, 𝜅) = න
−𝑅

𝑅

𝜌 0, 𝑥 𝑑𝑥 − න
−𝑅−𝑐𝑡

𝑅+𝑐𝑡

𝜌 𝑡, 𝑥 𝑑𝑥 



Ground state evolution for 𝑅 = 2

𝜿 = 𝟎. 𝟏 𝜿 = 𝟏 𝜿 = 𝟑

ⅈ𝜕𝑡𝜓(𝑡, 𝑥) = −
1

2
𝜕𝑥

2 − 𝜅 ඲
𝜓 𝑡, 𝑥′ 2

𝑥 − 𝑥′
𝑑𝑥′ 𝜓(𝑡, 𝑥)



Ground state evolution for 𝑅 = 2 (Log scale)

𝜿 = 𝟎. 𝟏 𝜿 = 𝟏 𝜿 = 𝟑

ⅈ𝜕𝑡𝜓(𝑡, 𝑥) = −
1

2
𝜕𝑥

2 − 𝜅 ඲
𝜓 𝑡, 𝑥′ 2

𝑥 − 𝑥′
𝑑𝑥′ 𝜓(𝑡, 𝑥)



Ground state

Measure of causality violation 𝑀(𝑡, 𝑅, 𝜅) = න
−𝑅

𝑅

𝜌 0, 𝑥 𝑑𝑥 − න
−𝑅−𝑐𝑡

𝑅+𝑐𝑡

𝜌 𝑡, 𝑥 𝑑𝑥 

෩𝑀 𝜅, 𝑅 = max
𝑡∈(0,30)

𝑀(𝑡, 𝑅, 𝜅)

𝜌(𝑡, 𝑥) – Probability 
density function

Amount of causality 
violation

Light cone 

𝑥

𝑡
= 0

𝑥

𝑡 = 𝑇

𝜌 𝜌

𝑡 → 𝑡 + 𝑇



Summary

• Schrödinger-Newton equation (1 dim)

• Time evolution of probability density 𝜌(𝑥, 𝑡) – single system
• Gaussian initial state

• Ground state of S-N eq. in a trapping potential

• Measure of causality violation 𝑀(𝑡, 𝑅, 𝜅) – quantification of 
superluminal signal

Self-interaction improves causality properties!



Gaussian initial state

Wave function variation Δ𝑥 = 𝑥2 − 𝑥 2

Δ𝑥 𝑡, 𝜅 = න
−∞

∞

𝑥2𝜌 𝑡, 𝑥 𝑑𝑥 − න
−∞

∞

𝑥 𝜌 𝑡, 𝑥 𝑑𝑥 

2

Critical 𝜅 ≈ 0.4 for localization: wave function is not 
spreading

𝜅 = 1 is for a system with a mass ∼ 1012 A.M.U. (top 
quark ≈ 2 × 102 A.M.U.)
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