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Outline

• Part 1: Will we ever see deviation from the exp. 

decay law in elementary processes? A lesson from 

the electromagnetic decay of the 2P state of the H-

atom

• Part 2: Can we apply hadronic techniques to the 

positronium? Do we learn something out of it? 



part 1: H-atom
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Basic definitions
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Time evolution and energy distribution

S
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 The unstable state S  is not an eigenstate of the Hamiltonian H.

Let d (E) be the energy distribution of the unstable state S .  

Normalization holds:  d (E)dE 1
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Payley and Wiener (1934) theorem: P(t) is not exponential at large time if 

a left-threshold is present



Breit-Wigner distribution

Rho-meson as example. 

BW extends from –inf to +inf. There is no left threshold.



BW corresponds to exp. decay
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The Breit-Wigner energy distribution cannot be exact. 

Two physical conditions for a realistic              are:

1) Minimal energy:

2) Mean energy finite:
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Going beyond Breit-Wigner: 

We have seen that via the Breit-Wigner distribution:
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Example: threshold plus form factor
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Cold Na atoms in a optical potential

Experimental confirmation of 

non-exponential decay: short times
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Experimental confirmation of 

non-exponential decay: long times

                                   

Confirmation of: L. A. Khalfin. 1957. 1957 (Engl. trans. Zh.Eksp.Teor.Fiz.,33,1371)
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Considerations/1

• No other short- or long-time deviation from the exp. law 

was ‘directly’seen in unstable states.

• Verification of the two aforementioned works (Reizen + 

Rothe) would be needed.

• The measurement of deviations in simple natural 

systems (elementary particles, nuclei, atoms) would be a 

great achievement. 



Considerations/2

• The ‘brute force’ threshold and high-energy behavior 

can be good as a first approximation, but it is just an ‘ad 

hoc’ modification of Breit-Wigner.

• How to properly describe the theory of decay? 

• Which is a suitable energy distribution for e.m. decays? 



General Pictorial representation for un 

(unstable) state S
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General non-relativistic approach

Full propagator

Self-energy (or loop)

Eth is the threshold energy

Energy dependent  ‘decay width’



Link between propagator and distribution

Normalization ok!!

[arXiv:2001.07781 [hep-ph]] 



Time-evolution (general)

The dots describe short- and long-time deviations from the exponential decay 

The pole:



2P-1S transition of H-atom
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Decay width and lifetime of 2P level of H-atom
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Giacosa and K. Kyziol,

Nonexponential decay law of the 2P-1S 

transition of the H-atom,

[arXiv:2408.06905 [quant-ph]].



Spectral function: analytic expression
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2408.06905 [quant-ph]

https://arxiv.org/abs/2408.06905


Spectral function: plot/1
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https://arxiv.org/abs/2408.06905


Spectral function/plot 2
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https://arxiv.org/abs/2408.06905


Survival probability P(t)
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2408.06905 [quant-ph]

https://arxiv.org/abs/2408.06905


Survival probability at very short times/1
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Survival probability at very short times/2
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https://arxiv.org/abs/2408.06905


Survival probability at short times: anti-Zeno
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2408.06905 [quant-ph]

https://arxiv.org/abs/2408.06905


“Effective” decay width/1 

Francesco Giacosa



“Effective” decay width/2
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2408.06905 [quant-ph]

https://arxiv.org/abs/2408.06905


Survival amplitude at late times/2
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2408.06905 [quant-ph]

https://arxiv.org/abs/2408.06905


Lesson: non-exp. decay is very hard to spot for 

‘simple’ systems!
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Part 2: positronium
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W.f. in momentum space: 
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QED, order by order
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Results (partly) based on:
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Compositeness condition
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The Lagrangian contains at the same time the bound state and its constituents.

It is not a fundamental Lagrangian.
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This is not a fundamental theory!

Vertex function is important: 

What about the coupling constant? 
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Poles
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What is the vertex function?
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Our Ansatz: additional relativistic correction
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Discussion

• Why does it seem to work?

• The approach effectively resums up to infinite order a 

certain class of QED diagram. 

• The hard part is thrown into the p-ps-(anti)electron 

vertex

• It is ‘quite’ easy to implement.
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Application to charm-anticharm c(1S)

Same approach. Just rescale. Mass mc = 1.65 GeV.

Same w.f.

• (c(1S) →) = 3.9  10^(-6) GeV

• (c(1S) →, exp.) = (5.1  0.4)  10^(-6) GeV

• Why theory a bit smaller? It is clear: in reality the

charmonium is a bit more squeezed in space, thus broader 

in momentum.
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Conclusions

• 2p-1S transition of H-atom as example of non-exp decay:

it shows how hidden are such interesting phenomena!

• Para-positronium into two photons: composite approach. It 

is quite easy and it works. 

• P-ps(2S) (Decay width 0.12p-ps(1S) ) 

• c meson, b meson,…(both 1S and 2S)

• Decay law of p-ps?  O-ps ?
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Thanks!



BW with threshold properly done

This is actually the correct Breit-Wigner with threshold!

Correctly normalized to unity, no need of an extra N…but somewhat not handy

We assume that:
<E>=ln=



BW with threshold properly done

Correct BW with threshold



BW with threshold properly done

Comparison with plain BW: indeed very similar

around the peak!

Yet: unphysical behavior at threshold!



BW with threshold (properly done) 

and time-evolution

Blue: BW, yellow: BW with threshold (properly done)

<E>=ln=



Sill distribution
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Example: a1(1230) meson

Applications in e.g.
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See F.G., V. Shastry and A. Okopinska[arXiv:2106.03749 [hep-ph]]. 

 and also [arXiv:2310.06346 [hep-ph]] for the non-rel limit

[arXiv:2106.03749 [hep-ph]]. 



Non-rel. Sill distribution: ‘nice’ threshold behavior
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K. Kyzioł, bachelor thesis, UJK Kielce, 2024



Plot of the survival probability nonrel Sill
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K. Kyzioł, bachelor thesis, UJK Kielce, 2024



Log-plot
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K. Kyzioł, bachelor thesis, UJK Kielce, 2024



Log-Log-Plot
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K. Kyzioł, bachelor thesis, UJK Kielce, 2024



BW with threshold properly done

Comparision with ‘naive’ BW with threshold



Relativistic Sill

Let us consider a resonance with mass M decaying into twoparticles:

We assume that: 

Decay width as function of the energy:

Note, it saturates for large s



Relativsitic Sill



Relativistic Sill

Sill for the 

rho-meson



Rho meson

Aleph data

for tau decay
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Deviations from the exp. law at short times

Taylor expansion of the amplitude:

Note: the quadratic behavior holds 

for any quantum transition, not only for decays. 



BW: properties

BW-propagator: 

Link prop-dist: 

Normalization:

(important for prob. interpretation) 

Pole:

BW-distribution: 



How to introudce a threshold? 

BW with threshold (naive approach)

N is needed because the normalization is lost!



Multichannel decay law 

w1(t) is the probability that the 

decay has occurred in the first 

channel between (0,t)



A simple question
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A difficult question

How to calculate the 

probabilities wi(t) ????
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N decay channels: formal aspects
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Breit-Wigner limit
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Partial decay probabilities

2108.07838 [quant-ph]

https://arxiv.org/abs/2108.07838
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Ratio of partial decay probabilities 

(not a constant)

2108.07838 [quant-ph]

https://arxiv.org/abs/2108.07838
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Partial probability decay densities

2108.07838 [quant-ph]

https://arxiv.org/abs/2108.07838
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Ratio of partial probability decay densities

2108.07838 [quant-ph]

https://arxiv.org/abs/2108.07838


Single left-threshold at long times
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F.G. and G. Pagliara, [arXiv:1204.1896 [nucl-th]]. 



Survival amplitude at late times/1
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