
Repair classical EM (Faber):  
1) ∫ 𝐸2𝑟2𝑑𝑟 ∝

∞

0
∫ 𝑟−4𝑟2𝑑𝑟 = ∞

∞

0
 

Deform/regularize charge to finite energy  
(Higgs-like potential allowing deformation) 

2) Gauss law charge ∈ ℝ, in nature ∈ ℤ𝑒 
Interpret curvature as electric field to count  
(quantized) topological charge with Gauss law. 

Skyrmion-like with SO(3) ellipsoid vacuum 
3 distinguishable axes like biaxial nematic 
Use real symmetric tensor field 𝑀 = 𝑂𝐷𝑂𝑇  
~Higgs e.g. 𝑉 = ∑ (𝜆𝑖 − Λ𝑖)

2
𝑖  for 𝐷 shape 

      Getting 3 leptons, baryons, nuclei …  
  with unified wave-like vacuum dynamics: 

    EM >> quantum phase >> GEM 
  1st axis     ~Klein-Gordon/Dirac?    0th axis in 4D  
rotations     1st axis twists (~Berry)      tiny tilts 

 ℒ𝑄𝐸𝐷 = �̅�(𝑖𝛾𝜇𝜕𝜇 − 𝑒𝛾𝜇𝐴𝜇 − 𝑚)𝜓 −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈  

spin/particle + phase        𝜕𝜇?          Lagrangian/Hamiltonian 

Jarek Duda    article    demo   video    github 

https://iopscience.iop.org/article/10.1088/1742-6596/361/1/012022/pdf
https://en.wikipedia.org/wiki/Skyrmion
https://en.wikipedia.org/wiki/Covariant_formulation_of_classical_electromagnetism
https://en.wikipedia.org/wiki/Pilot_wave_theory
https://en.wikipedia.org/wiki/Gravitoelectromagnetism
https://en.wikipedia.org/wiki/Klein%E2%80%93Gordon_equation
https://en.wikipedia.org/wiki/Dirac_equation
https://en.wikipedia.org/wiki/Geometric_phase
https://en.wikipedia.org/wiki/Bispinor#Construction_of_Dirac_spinor_with_a_given_spin_direction_and_charge
http://th.if.uj.edu.pl/~dudaj/
https://arxiv.org/pdf/2108.07896
https://demonstrations.wolfram.com/TopologicalChargesInBiaxialNematicLiquidCrystal/
https://www.youtube.com/watch?v=5POptU4tX98
https://github.com/JarekDuda/liquid-crystals-particle-models


Popular skyrmion models 

Solid state, nucleus: PRL 2018 

𝑈 – tensor field (of matrix) 

Γ𝑖 = 𝜕𝑖𝑈 𝑈−1 local rotation 

𝐸𝑘𝑖𝑛 = 𝑐1 ∑ Tr(Γ𝑖Γ𝑖)𝑖 + ⋯   

𝐸𝑝𝑜𝑡 ∝ Tr(𝟏 − 𝑈) for unitary – single minimum 𝑈 = 𝟏  

Vacuum (far from particles) filled with 𝑈 ≈ 𝟏, only short-range interaction! 

No EM, charge (proton = neutron), no long-range e.g. Coulomb interaction 

                       (proton lighter than neutron) 

For long-range: use topologically nontrivial vacuum (minimum of potential) 

E.g. Higgs potential “Mexican hat”: 𝑉(�⃗� ) = (||�⃗� ||2 − 1)2 

• zero is not minimum (inflation, charge regularization) 

• Dynamics in minimum corresponds to massless 

 particles (Goldstone bosons), like electromagnetism 

�⃗� 𝜇𝜈 = Γ 𝜇 × Γ 𝜈 , ℒ𝐸𝑀 = −
𝛼ℏ𝑐

16𝜋
�⃗� 𝜇𝜈�⃗� 

𝜇𝜈    EM with quantized charge (Faber)  

https://en.wikipedia.org/wiki/Skyrmion
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.232002
http://iopscience.iop.org/article/10.1088/1742-6596/361/1/012022/pdf


Liquid crystal long-range interactions due to nontrivial vacuum like for Higgs 𝑉(�⃗� ) = (|�⃗� |2 − 1)2 

𝑭~𝟏/𝑫:"Annihilation dynamics of topological defects induced by microparticles in nematic liquid crystals" Soft Matter  
Coulomb: "Coulomb-like interaction in nematic emulsions induced by external torques exerted on the colloids" PRE 

“Coulomb-like elastic interaction induced by symmetry breaking in nematic liquid crystal colloids” Scientific Reports  

dipole-dipole: "Novel Colloidal Interactions in Anisotropic Fluids" Science 

quadrupole-quadrupole: "Long-range forces and aggregation of colloid particles in a nematic liquid crystal” PRE 

Quantum computers on liquid crystal topological defects? ( Science Advances ) 

 

 

  

https://www.youtube.com/watch?v=ssHX6j9Um-w
https://pubs.rsc.org/en/content/articlelanding/2019/sm/c9sm01710k#!divAbstract
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.76.011707
https://www.nature.com/articles/s41598-017-16200-z
https://science.sciencemag.org/content/275/5307/1770
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.55.2958
https://www.science.org/doi/10.1126/sciadv.abp8371


Standard liquid crystal models (review1, review2) 

Uniaxial: �⃗� ∈ 𝑆2 (Higgs potential?), Oseen-Frank model (1958) : 

𝐸[�⃗� ] = ∫𝐾1|∇ ⋅ �⃗� |2

Ω

+ 𝐾2|�⃗� ⋅ (∇ × �⃗� )|2 + 𝐾3|�⃗� × (∇ × �⃗� )|2 + (|�⃗� |2 − 1)2 

Biaxial: Landau-de Gennes (1974, Nobel Prize in 1991) of preferred shape 

 (𝑄 ≡)  𝑀 = ∑ 𝜆𝑖�⃗�  �⃗� 
𝑇3

𝑖=1   preferred (𝜆1, 𝜆2, 𝜆3):  𝑉(𝑀)  Higgs-like potential:  

  𝐸[𝑀] = ∫ |∇𝑀|2 +
𝐴

2
Tr(𝑀2) −

𝐵

3
Tr(𝑀3) +

𝐶

4
(Tr(𝑀2))

2

Ω
  

(or 𝑉(𝑀) = ∑ (𝜆𝑖 − Λ𝑖)
2

𝑖    or   ∑ (Tr(𝑀𝑖) − 𝑐𝑖)
2

𝑖     tough choice!) 

→particles?: Higgs-like potential, e.g. as above, with Coulomb, EM-like: 

 𝓛𝑬𝑴 = 𝑭𝝁𝝂𝑭
𝝁𝝂    for        𝑭𝝁𝝂 ∝ 𝑹𝝁𝝂 = 𝚪𝝁 × 𝚪𝝂                 𝚪𝝂 = (𝝏𝝂�⃗⃗� ) × �⃗⃗�  

𝑹𝝁𝝂 curvature: Gauss law counts (quantized) topological charge 

with kinetic:  ℒ ∼ ∑ ||𝜕𝑖�⃗� × 𝜕0�⃗� ||
2 − ∑ ||𝜕𝑖�⃗� × 𝜕𝑗�⃗� ||

2
1≤𝑖<𝑗≤3

3
𝑖=1 + 𝑉(�⃗� )          

Biaxial: 𝑹𝝁𝝂 = [𝝏𝝁𝑴,𝝏𝝂𝑴]
(−1,1,1,1)

             𝑀 = 𝑂𝐷𝑂𝑇             𝐷 ≈ (𝑔, 1, 𝜖, 0) 

Lorentz-invariant Lagrangian mechanics leading to electromagnetism  

plus ~Klein-Gordon for twist, gravito-electromagnetism for 0th axis 

https://www.asc.tuwien.ac.at/preprint/2019/asc09x2019.pdf
https://arxiv.org/pdf/0812.3131.pdf
https://en.wikipedia.org/wiki/Gravitoelectromagnetism


L 

d 

 
 

Field energy: ~Coulomb potent. 

𝑬 ≈
𝒎𝟎

√𝟏 − 𝒗𝟏
𝟐

+
𝒎𝟎

√𝟏 − 𝒗𝟐
𝟐

+ 𝑽(𝒅) 

  cutoff 𝝐 around singularities: 

to be regularized to rest masses   Lorentz 
Lorentz inv.: SRT scaling, magnetism 
 

  

The same charges: repulsion 

Opposite charges: attraction 

V(d) effective potetial cylindrical symmetry 

colors: energy density H 

d 

https://github.com/JarekDuda/liquid-crystals-particle-models/


Regularization to finite energy e.g. for “hedgehog”:  

Asymptotically (vacuum)  ||�⃗� || ≈ 1  , but   �⃗� (0) = 0 

thanks to Higgs-like potential, e.g. 𝑉(�⃗� ) = (‖�⃗� ‖2 − 1)2 

     : Γ 𝑖 = (𝜕𝑖�⃗� ) × �⃗�           =
1

𝑟
  ||�⃗� ||2 →

1

𝑟
                            Γ ∝ 𝑟−1           𝑅 ∝ 𝑟−2 

�⃗� 𝜇𝜈 = Γ 𝜇 × Γ 𝜈    →
1

𝑟2       electric field in 3D 

ℒ𝐸𝑀 = −
𝛼ℏ𝑐

16𝜋
�⃗� 𝜇𝜈�⃗� 

𝜇𝜈   → electromagnetism in vacuum 

           Gauss law counting topological charge: 
 

Jacobian of closed surface → 𝑆2: det[�⃗� , �⃗� 𝜇 , �⃗� 𝜈] = �⃗� ⋅ (�⃗� 𝜇 × �⃗� 𝜈) 

No parton structure (!) for electron,                 Faber:  
only field deformation not to exceed 511keVs,  

“infinity subtraction from renormalization” – subtracted energy density 

           ∫
1

2
|𝐸|24𝜋𝑟2𝑑𝑟 = 511keV

∞

~1.4fm
  

Experimental effects of finite size? 
Coulomb deformation,  Faber:  
Running coupling:  

𝛼 ≈
1

137
 → ≈

1

127
  in 90 GeVs 

To hide finite size in Feynman diagrams  
(+ renormalization to remove infinities)  
 

https://iopscience.iop.org/article/10.1088/1742-6596/361/1/012022/pdf
https://arxiv.org/pdf/2210.13374
https://en.wikipedia.org/wiki/Coupling_constant#QED_and_the_Landau_pole


Experimental boundaries for size of electron? 

Dehmelt 1988, Penning trap (Nobel in 1989): 𝑅 < 10−22𝑚   

extrapolating from g-factor: “(…) electron as formed  

by very tightly binding together three smaller and  

much heavier new fermions [Brodsky, Drell, 1980] (…)”  

Neutron (udd): 𝑔 ≈ −3.8      < 𝑟n
2 >≈ −0.1 fm2 

Classically:  𝑔 =
2𝑚

𝑞

𝜇

𝐿
=

2𝑚

𝑞

∫ 𝐴𝑑𝐼

𝜔𝐼
=

𝑚

𝑞

∫ 𝜌𝑞(𝑟) 𝑟2𝑑𝑟

∫ 𝜌𝑚(𝑟) 𝑟2 𝑑𝑟
     

Electron-positron cross-section:  

Which energy should we use??? (Lorentz contraction!),  

~line in log-log,     ≈ 100nb for 1GeV         𝛾 ≈ 1000 

Extrapolating to resting:  𝛾 = 1                   𝜎 ∝ 𝛾−2         Running coupling – deformation of 𝛼 

we get ≈ 100mb: 𝒓 ≈ 𝟐 fm? (energy <  511keV!)  (Coulomb) proper in Faber’s model  

  

GeV 

fm 

https://physics.stackexchange.com/questions/397022/experimental-boundaries-for-size-of-electron
http://iopscience.iop.org/article/10.1088/0031-8949/1988/T22/016/pdf
http://slac.stanford.edu/pubs/slacpubs/2500/slac-pub-2534.pdf
http://www.actaphys.uj.edu.pl/fulltext?series=Reg&vol=30&page=119
http://pdg.lbl.gov/2007/reviews/hadronicrpp.pdf
https://en.wikipedia.org/wiki/Coupling_constant#Phenomenology_of_the_running_of_a_coupling
https://arxiv.org/pdf/2210.13374


What about quantum phenomena for (topological) solitons? E.g. fluxons: 
Experimental demonstration of Aharonov-Casher interference in a Josephson junction 
circuit, PRB 2012 – for fluxons, Aharonov-Casher: for magnetic dipole in electric field 
Tunneling and resonant tunneling of fluxons in a long Josephson junction, PRB 1997 

Aharonov-Bohm type forces between magnetic fluxons, PRA 1997               short-range 

Hydrodynamical classical wave-particle duality object “walking droplets”: 
Single-Particle Diffraction and Interference at a Macroscopic Scale, PRL 2006 

Unpredictable Tunneling of a Classical Wave-Particle Association, PRL 2009 
Path-memory induced quantization of classical orbits, PNAS 2010 
Level Splitting at Macroscopic Scale, PRL 2012 – Zeeman splitting 

Self-organization into quantized eigenstates of a classical wave-driven particle, Nature 2014 
Wavelike statistics from pilot-wave dynamics in a circular corral, PRE 2013 

 

 

 

 

 

 
  

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.85.094503
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.85.094503
https://en.wikipedia.org/wiki/Aharonov%E2%80%93Casher_effect
https://journals.aps.org/prb/pdf/10.1103/PhysRevB.56.14677
http://www.tau.ac.il/~yakir/yahp/yh33
https://www.dropbox.com/s/kxvvhj0cnl1iqxr/Couder.pdf
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.97.154101
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.102.240401
http://www.pnas.org/content/107/41/17515.full
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.108.264503
https://www.nature.com/articles/ncomms4219
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.88.011001


Electron – (at least) a complex configuration of electromagnetic field … Larmor 

 

 

 

 

 

Electric charge (𝐸 ∝
1

𝑟2) + magnetic dipole (𝐵 ∝
1

𝑟3 , magnets) + “gyroscope” (𝐿 =
ℏ

2
)     spin echo 

+ ≈ 1021𝐻𝑧   zitterbewegung (observ.)/de Broglie’s clock (𝐸 = 𝑚𝑐2 = ℏ𝜔):  

some internal periodic process 

 

  

 

stationary Schrödinger: 𝜓 = 𝜓0𝑒
𝑖𝐸𝑡/ℏ for 𝐸 = 𝑚𝑐2         “fluid drag” 

 

Can we get it with biaxial nematic hedgehog?  

 No naked charge – needed magnetic dipole 

How to enforce clock? (leading to pilot wave)  

https://en.wikipedia.org/wiki/Larmor_precession
https://en.wikipedia.org/wiki/Electron_paramagnetic_resonance#Pulsed_electron_paramagnetic_resonance
https://en.wikipedia.org/wiki/Zitterbewegung
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.88.021604
https://link.springer.com/article/10.1007/s10701-008-9225-1
https://en.wikipedia.org/wiki/Gravitoelectromagnetism#Background


        2D topological charge   

fluxon – quant of magnetic field 

resembles spin (→ 𝜇)    also ½ 

 2π𝑘 = Δ𝜑 =
𝑞

ℏ
∮ 𝐴 ⋅ 𝑑𝑙
𝜕𝑆

=
𝑞

ℏ
∮ 𝐵 ⋅ 𝑑𝑆
𝑆

  
 

quantum rotation operator 

spin 𝒔 particle by 𝜃 angle rotates 

quantum phase:  𝜓 → 𝜓 𝑒−𝑖𝑠𝜃 
 

(½ spin) bispinor rotation by 𝜙: 

 

 

3D topological  

charge:  

electric 

 

𝑉(𝑟)  distance dependence  

of field stress/energy gives 

long-range attraction/repulsion: 
 

de Broglie clock/zitterbewegung 

evolution of quantum phase 

around - forming pilot wave 

https://en.wikipedia.org/wiki/Macroscopic_quantum_phenomena
https://en.wikipedia.org/wiki/Magnetic_flux_quantum
https://en.wikipedia.org/wiki/Spin_(physics)#Rotations
https://en.wikipedia.org/wiki/Bispinor#Expressions_for_Lorentz_transformations_of_bispinors
https://link.springer.com/article/10.1007/s10701-008-9225-1
https://en.wikipedia.org/wiki/Zitterbewegung
https://en.wikipedia.org/wiki/Pilot_wave_theory


 Vacuum (long distance) dynamics: 

1) EM: quantized electric charge 

with Coulomb in 𝑉(𝑟) ∝ 𝑟−1 

(+ magnetism from Lorentz invariance) 

𝑆2: Gauss law counts topological charge 
 

2) 𝑺𝟏 quantum phase: Berry, pilot wave 

e.g. for Mach-Zehnder interfer. 

Unify EM 𝑆2 + QM 𝑆1 → 𝑆𝑂(3) 

             “extended phase”  

governed by wave equation: 

Maxwell □𝐴𝜇 ∝ 𝐽𝜇+~Klein-Gordon □𝜓 

    Momentum operator: 

                �̂� = −𝑞𝐴 − 𝑖ℏ∇  
suggests: 𝐴 also hides derivative,  

       describes local rotation 

 2π𝑘 = Δ𝜑 =
𝑞

ℏ
∮ 𝐴 ⋅ 𝑑𝑙
𝜕𝑆

=
𝑞

ℏ
∮ 𝐵 ⋅ 𝑑𝑆
𝑆

 

   fluxon, GL order parameter 
 

3 × 3 in 3D → 4 × 4 in 4D spacetime: 

3) + gravity starting with GEM required  

for Newton + 𝐵𝑔 for Lorentz invariance  

http://en.wikipedia.org/wiki/Relativistic_electromagnetism
https://en.wikipedia.org/wiki/Geometric_phase
https://en.wikipedia.org/wiki/Pilot_wave_theory
https://en.wikipedia.org/wiki/Magnetic_flux_quantum
https://en.wikipedia.org/wiki/Ginzburg%E2%80%93Landau_theory
https://en.wikipedia.org/wiki/Gravitoelectromagnetism


 



Baryons:   Wilson 1962                Acta. Phys. Pol. 1999:               Greene 2015 

 

 

 
 

Neutron: “+” core, “-“ shell charge 

Deuteron: large electric quadrupole moment  

like “+ - +”        (how to get it for p+n ???)   

    𝜇𝑑  ≈ 𝜇𝑝 + 𝜇𝑛       – aligned spins?  

0.857 vs 0.879   𝜇𝑁  magnetic dipole moments 

The deuteron: structure and form factors,  

Advances in Nuclear Physics, 2001 (energy in loop around spin?) 

 

 

  

https://inspirehep.net/literature/1377841
http://www.actaphys.uj.edu.pl/fulltext?series=Reg&vol=30&page=119
http://www.phys.utk.edu/neutron-summer-school/lectures/greene.pdf
https://en.wikipedia.org/wiki/Deuterium#Magnetic_and_electric_multipoles
https://link.springer.com/chapter/10.1007/0-306-47915-X_4


Required: “fluxons” in vacuum – magnetic field lines with energy density: 

• Holding nucleus together against Coulomb repulsion (?), halo neutrons 

• popular quark string model, Nature article suggesting being topological  

• Coronal heating problem (surface 6000K, corona 107K), reconnections 

• Holding electrons in parallel or anti-parallel alignment (spin of photon) 

• Brawley et. al., “Electron-like scattering of positronium”, Science 2010 
     

"Physics of Magnetic Flux Tubes" book by Ryutova:  

“Vortices in superfluid Helium and superconductors,  

magnetic flux tubes in solar atmosphere and space,  

filamentation process in biology and chemistry have  

probably a common ground, which is to be yet  

established. One conclusion can be made for sure:  

formation of filamentary structures in nature is  

energetically favorable and fundamental process.” 

  

https://en.wikipedia.org/wiki/Macroscopic_quantum_phenomena
http://theor.jinr.ru/~ntaa/17/files/lectures/Ershov.pdf
http://www.scholarpedia.org/article/Parton_shower_Monte_Carlo_event_generators#String_model
https://www.nature.com/articles/s42005-018-0073-9
https://en.wikipedia.org/wiki/Corona
http://en.wikipedia.org/wiki/Corona#Coronal_heating_problem
http://en.wikipedia.org/wiki/Magnetic_reconnection
http://www.sciencemag.org/content/330/6005/789
https://link.springer.com/book/10.1007/978-3-319-96361-7
https://www.google.com/search?q=magnetic+flux+tubes


Intermediate step: transform unitary “director” field → rotation matrix field 𝑂 

Affine connection:   𝑂 → 𝑂(𝐼 + 𝜖Γ𝜇)        for   𝚪𝝁 = 𝑶𝑻𝑶𝝁 = 𝑂𝑇𝜕𝜇𝑂     anti-symmetric  

Denote its coordinates with 2 vectors: 

EM:    Γ 𝜇 ≔ (Γ𝜇,32, Γ𝜇,13, Γ𝜇,21) 

GEM: Γ 𝜇
𝑔
 ≔ (Γ𝜇,01, Γ𝜇,02, Γ𝜇,03)  tiny tilts of 0th axis 

3D 1st axis curvature: �⃗� 𝜇𝜈 ≡ �⃗� 𝜇𝜈
𝑒𝑒 = Γ 𝜇 × Γ 𝜈       - electromagnetism we will focus on 

4D 0th axis curvature:  �⃗� 𝜇𝜈
𝑔𝑔

= Γ 𝜇
𝑔

× Γ 𝜈
𝑔

      - GEM approximation of general relativity 

4D EM-GEM interaction:  �⃗� 𝜇𝜈
𝑒𝑔

= Γ 𝜇 × Γ 𝜈
𝑔

             �⃗� 𝜇𝜈
𝑔𝑒

= Γ 𝜇
𝑔

× Γ 𝜈 = −�⃗� 𝜈𝜇
𝑒𝑔      e.g. light bending by Sun 

        𝐹𝜇𝜈 = [𝛤𝜇 , 𝛤𝜈] in place of curvature for EM with topologically quantized charge? 

 

 

 

GEM – confirmed by Gravity Probe B 

approximation of general relativity: 
https://en.wikipedia.org/wiki/Gravitoelectromagnetism: 
 

[𝛤𝜇 , 𝛤𝜈] vanishes in flat spacetime 

GEM causes spatial curvature: 

https://en.wikipedia.org/wiki/Gravitoelectromagnetism


Let 𝑂 matrix rotate some objects, e.g. ellipsoid in biaxial nematic 

𝑀(𝑥) ≡ 𝑴 = 𝑶𝑫𝑶𝑻    field for   𝑂𝑂𝑇 = 𝐼   rotation 

𝐷 = diag(𝜆0, 𝜆1, 𝜆2, 𝜆3)  with Higgs-like e.g. 𝑽(𝑴) = ∑ (𝝀𝒊 − 𝚲𝒊)
𝟐

𝒊   

For  Λ0 > Λ1 > Λ2 > Λ3 fixed preferred shape – vacuum state 

 

                                             +/-  
(3D)    𝐹 tensor containing curvature (so Gauss law gives topological charge) 

Let us postulate: 𝑭𝝁𝝂 = [𝑴𝝁,𝑴𝝂] = 𝜕𝜇𝑀 𝜕𝜈𝑀 − 𝜕𝜈𝑀 𝜕𝜇𝑀, getting vacuum: 

Curvatures:                 𝑂𝑇𝐹𝜇𝜈𝑂 = 𝑂𝑇[𝑀𝜇, 𝑀𝜈]𝑂 ≈ [Γ𝜇𝐷 − 𝐷Γ𝜇, Γ𝜈𝐷 − 𝐷Γ𝜈] = 
Gauss law ∝ 

topological charge 

 Λ1 ≫ Λ2 ≈ Λ3 

High energy: EM 

Low energy: QM 
QED, 𝜓 Lorentz group 

 ℒ𝑄𝐸𝐷 = �̅�(𝑖𝛾𝜇𝜕𝜇 − 𝑒𝛾𝜇𝐴𝜇 − 𝑚)𝜓 −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 

for   �⃗� 𝜇𝜈 = Γ 𝜇 × Γ 𝜈   and   𝚪𝝁 = 𝑶𝑻𝑶𝝁 , Γ 𝜇 ≔ (Γ𝜇,32, Γ𝜇,13, Γ𝜇,21)  as previously 

https://en.wikipedia.org/wiki/Quantum_electrodynamics#Mathematical_formulation
https://en.wikipedia.org/wiki/Bispinor


Postulate Lagrangian as EM:  

and four-potential 𝑨𝝁: 

2𝐹𝜇𝜈 = 2[𝑴𝝁,𝑴𝝂] = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇    for     𝐴𝜇 = 𝑀 𝑀𝜇 − 𝑀𝜇  𝑀 ≈     (3D vacuum) 

 Λ1 ≫ Λ2 ≈ Λ3 

High energy: EM 

Low energy: QM 

P = −𝑖ℏ∇ − 𝑞𝐴 
 

       shape Λ 

Wpisz tutaj równanie.           dependence 
        perturbation Λ2 > 0 
 

In uniaxial nematic case e.g. simplest (Λ1 = 1, Λ2 = 0, Λ3 = 0):    𝑴 = �⃗⃗�  �⃗⃗� 𝑻   

 

  𝐴𝜇 = [𝑀,𝑀𝜇] =  

 

leading to EM 𝐹𝜇𝜈  curvature as Faber: 𝜕𝜇(�⃗� × �⃗� 𝜈) − 𝜕𝜈(�⃗� × �⃗� 𝜇) = 2 �⃗� 𝜇 × �⃗� 𝜈 

General: small perturbation Λ2 > 0, shape 𝚲 dependence in Γμ

Λ
→ 𝐴𝜇 ,  𝑅𝜇𝜈

Λ
→𝐹𝜇𝜈  

https://en.wikipedia.org/wiki/Lagrangian_(field_theory)#Electromagnetism_in_special_relativity
https://en.wikipedia.org/wiki/Electromagnetic_four-potential
https://en.wikipedia.org/wiki/Momentum_operator#Definition_(position_space)


 
 
 

Euler-Lagrange equation: extended EM with topological charge quantization 

(integration by parts - last term should vanish as in Lorentz gauge condition): 
Maxwell’s  
equations: 
𝐹: 𝐸, 𝐵 fields 
 

    EM:   𝑉 ∼ 𝐴𝐽 
+ Klein-Gordon: 
     𝑉 ∼ 𝑚2𝐴2 
+ GEM:  𝑉 ∼ 𝐴𝐽𝑔 

𝐽, 𝐽𝑔: four-currents               All 3x3 or 4x4 anti-symmetric matrices,  □ = 𝜕00 − 𝜕11 − 𝜕22 − 𝜕33 
 

How to choose 𝑽(𝑴) or 𝑽(𝑨)  ∑ (𝜆𝑖 − Λ𝑖)
2 ?𝑖  ∑ (||𝐴𝜇||𝐹

2 − 1)
2
?𝜇  det𝑀 = 1? 

𝐴𝜇 = [𝑀, 𝜕𝜇𝑀] ≈ (𝜖𝑖𝑗𝑘(Λ𝑖 − Λ𝑗) Γ 𝜇,𝑘)𝑖𝑗
   contains velocity – Higgs 𝑽(𝑨) would enforce 𝑴 clock 

 

Energy density/Hamiltonian (||𝐴||𝐹
2 = Tr(𝐴𝐴𝑇), last term should vanish)  

 

  

https://en.wikipedia.org/wiki/Lorenz_gauge_condition
https://en.wikipedia.org/wiki/Covariant_formulation_of_classical_electromagnetism
https://en.wikipedia.org/wiki/Covariant_formulation_of_classical_electromagnetism
https://en.wikipedia.org/wiki/Klein%E2%80%93Gordon_equation
https://en.wikipedia.org/wiki/Gravitoelectromagnetism


   

 

 

 

 

Variating Lagrangian (vacuum 𝑉 = 0) leads to evolution equation:                  

 
 

Which for 3 rotation generators give                      𝑋𝑖 ≔ (−∇ ⋅ 𝐵𝑖 , 𝜕0𝐵
𝑖 + ∇ × 𝐸𝑖⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗) 

~Maxwell for 2 tilts (high energy) as:                      𝑋1 ⋅ Γ3 = 0 = 𝑋1 ⋅ Γ2 

~Klein-Gordon for twist (low energy) as:                𝑋2 ⋅ Γ3 = 𝑋3 ⋅ Γ2 

for hedgehog:           2𝜕𝑡𝑡𝜓 = ((∇ − 𝐴 ℎ𝑒𝑑𝑔)
2
+ (

𝐴 ℎ𝑒𝑑𝑔

|𝐴 ℎ𝑒𝑑𝑔|
⋅ ∇)

2

)𝜓 

 

  



Hedgehog ansatz for longest axis (±𝟏 charge), with 𝜓(𝑡, 𝑥, 𝑦, 𝑧) phase/twist function 

In vacuum (𝐴 = 0) leads to Klein-Gordon-like: (�̂� − 𝑞𝜙)
2
𝜓 = (�̂� − 𝑞𝐴)2𝜓 + 𝑚2𝜓 

dual formulation (𝐸 ↔ 𝐵):  𝐴ℎ𝑒𝑑𝑔 =
1

𝑟2
(𝑥, 𝑦, 𝑧)               (�̂� = 𝑖ℏ𝜕𝑡    ,   �̂� = −𝑖ℏ∇) 

Ψ = exp(𝑖𝜓)             �̂�Ψ = −𝑖∇Ψ = Ψ∇𝜓                               here from: 𝑋2 ⋅ Γ3 = 𝑋3 ⋅ Γ2 

Dirac equation?     (also zitterbewegung)       we get wave-like: 2𝜕𝑡𝑡𝜓 = ((∇ − 𝐴 ℎ𝑒𝑑𝑔)
2
+ (

𝐴 ℎ𝑒𝑑𝑔

|𝐴 ℎ𝑒𝑑𝑔|
⋅ ∇)

2

) 𝜓  

Bispinor for electron (up), positron (down)                            

with spin direction (𝑎, 𝑏, 𝑐):  
 

 

                  

https://en.wikipedia.org/wiki/Relativistic_quantum_mechanics#Spin_0
https://en.wikipedia.org/wiki/Dirac_equation
https://en.wikipedia.org/wiki/Zitterbewegung
https://en.wikipedia.org/wiki/Bispinor#Construction_of_Dirac_spinor_with_a_given_spin_direction_and_charge


Derivation of Maxwell-like equations for gravity (GEM), in 𝐸 = 𝐵 = 0 case 

https://en.wikipedia.org/wiki/Gravitoelectromagnetism


Newton attraction? ∼ 10−36 × of Coulomb??? 

reduced energy for closer curvature sources??? 

reduced distance - increased curvature2 in energy  

- 𝑟 → 0 Coulomb, 𝑟 → ∞ Newton – maybe 𝑟 → 𝑟−1, “repulsion in infinity”? 

- maybe somehow opposite curvatures? E.g. for protons – neutrons? 

- due to spacetime signature? (also “negative” energy to propel the clock?) 

𝜉 = diag(−1,1,1,1)           𝐴𝐵 → 𝐴𝜉𝐵                   𝐴𝜇
𝜈 = ∑ 𝐴𝜇𝛼𝜉𝛼𝜈 

𝛼  

time has opposite sign 

Lorentz-invariant Lagrangian? 

 ℒ = 𝑅𝛼𝛽𝜇𝜈𝑅
𝛼𝛽𝜇𝜈 + 𝑉(𝑀) 

for 𝑅𝛼𝛽𝜇𝜈 = [𝜕𝜇𝑀, 𝜕𝜈𝑀]
𝛼𝛽

 

[𝐴, 𝐵] → 𝐴𝜉𝐵 − 𝐵𝜉𝐴 

Tr(𝐴𝐴𝑇) → Tr(𝐴𝜉𝐴𝑇𝜉) 

General relativity Lagrangian 

(Einstein-Hilbert action): 

 ℒ = 𝑅√−𝑔      (𝑅 = 𝑅𝛼𝛽𝜇𝜈𝜉
𝛼𝛽𝜉𝜇𝜈) 

First power of (contracted) curvature, 

so which is proper 1 vs 2? Mixture? 

https://en.wikipedia.org/wiki/Einstein%E2%80%93Hilbert_action


Standard model – 26+ parameters, Lagrangian 

Noncompatible with gravity (“too big infinity”) 

Could it be expansion of some simpler model? 

Where to search for it? Predictability vs freedom 

Maybe in liquid crystals? Available in physics … 

charge quantization + Coulomb-like interaction …  

Postulate skrymion-like Hamiltonian for 𝑀 

 ℋ = ∑ ||𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇||𝐹
2 + 𝑉

𝜇𝜈=0..3

 

𝐴𝜇 = [𝑀,𝑀𝜇]  clock from 𝐴 Higgs-like 𝑉? 
 

EM >> quantum phase >> GEM vacuum dynamics 

EM with missing charge quantization, regularization 

3 leptons: same charge – different mass, 𝜇 ≠ 0 

3 neutrinos: very stable, oscillations, ↑beta decay 

3 families of baryons: 𝑚𝑛 > 𝑚𝑝, 𝑚𝑑 < 𝑚𝑝 + 𝑚𝑛 

deuteron with quadrupole moment, 𝜇𝑑  ≈ 𝜇𝑝 + 𝜇𝑛 

nuclei as knots – also halo neutrons in e.g. ~5 fm 

strangeness, decaying to mesons …            effective? 

Feynman ensemble of topological defects → QFT 

https://en.wikipedia.org/wiki/Standard_Model
https://en.wikipedia.org/wiki/Mathematical_formulation_of_the_Standard_Model#Free_parameters
https://www.symmetrymagazine.org/article/the-deconstructed-standard-model-equation
https://en.wikipedia.org/wiki/Quantum_gravity#Nonrenormalizability_of_gravity
https://en.wikipedia.org/wiki/Skyrmion
https://link.springer.com/article/10.1007/s10701-008-9225-1
https://en.wikipedia.org/wiki/Covariant_formulation_of_classical_electromagnetism
https://en.wikipedia.org/wiki/Pilot_wave_theory
https://en.wikipedia.org/wiki/Gravitoelectromagnetism
https://en.wikipedia.org/wiki/Deuterium#Magnetic_and_electric_multipoles
https://en.wikipedia.org/wiki/Halo_nucleus

